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Abstract— We address the problem of learning laws govern-
ing the behavior of physical systems. As a use case we choose the
discovery of the dynamics of micron-scale chiplets in dielectric
fluid whose motion is controlled by a set of electric potential. We
use the port-Hamiltonian formalism as a high level model struc-
ture that is continuously refined based on our understanding
of the physical process. In addition, we use machine learning
inspired models as low level representations. Representation
structure is key in learning generalizable models, as shown by
the learning results.

I. Introduction
Accurate and reliable modeling of complex physical pro-

cesses is often an unfeasible task. The modeling challenges
can stem from either an incomplete understanding of the
physical process, the high complexity of the process, or lack
of access to all system parameters. When accurate models
are needed, machine learning (ML) inspired algorithms are
an avenue to augment our partial models. In this paper we
use a variety of ML models to (re-)discover the physical
laws governing the behavior of chiplets in dielectric fluid.
The chiplets’ motion is a function of their potential energy
which, in turn, is depends on the electric potentials applied
through a set of electrodes. Having an accurate model for
this type of physical process enable the design of feedback
control that can lead to high throughput in applications
of nanotechnology, expanding the printing technology for
advanced functional output inks [4], [5], [9], [10]. Yet,
training generalizable ML models requires large data sets
and/or non-trivial regularization functions that constrain the
parameter search space. Typical machine learning regulariza-
tion functions based on L1 or L2 norms do not necessarily
guide the search towards the correct parameters, since all
they do is limit the magnitude of the model parameters or
induce sparse models. A more appropriate alternative is to
use our knowledge about the physical process to come up
with a regularization function that impose some structural
properties. We show in the paper a variety of ML inspired
models that increasingly add more structure and we discuss
their impact on the learning results, their usability and
generalizability.

We use the port-Hamiltonian formalism to impose struc-
ture on models. This is a well-known general framework for
representation and analysis of complex dynamical systems

This material is based, in part, upon work supported by the Defense
Advanced Research Projects Agency (DARPA) under Agreement No.
HR00111990027.

Ion Matei, Maksym Zhenirovskyy, Johan de Kleer and Christoforos
Somarakis are with the Palo Alto Research Center, Inc. (PARC)
(emails: imatei@parc.com, mzhenirovskyy.parc@gmail.com,
dekleer@parc.com, csomarak@parc.com). John S. Baras is with the
University of Maryland, College Park, MD (email: baras@umd.edu).

[13], [14], [15]. Port-Hamiltonian systems are based on a
known energy function (Hamiltonian) and the interconnec-
tion of atomic structure elements (e.g., inertia, springs and
dampers for mechanical systems) that interact by exchanging
energy. They provide an energy-consistent description of a
physical system, having the property that a power conser-
vative interconnection of port-Hamiltonian systems is again
a port-Hamiltonian system [2]. In addition to modeling, the
port-Hamiltonian formalism is particularly suited for finding
symmetries and conserved quantities [11]. It allows one to
find conserved quantities, in addition to the Hamiltonian,
called Casimir functions [13], by examining conditions re-
lated to the port-Hamiltonian system at hand, which can lead
to model simplification (reduction). Moreover, finding pa-
rameterized symmetries, i.e., Lie groups of transformations,
can lead to data generation without experimentation, as well
as provide insight on the modeling equations of the system
itself [1], [12]. We use the port-Hamiltonian representation
as a high level model that will be successfully refined by
imposing additional structure; structure that will indirectly
induce regularization functions for the learning process.

Paper structure: In Section II we describe the physical
process of interest and the experimental setup used to gener-
ate data and validate models. Section III introduces the port-
Hamiltonian representation of the chiplet dynamics, a dis-
crete symmetry map that characterizes the chiplet dynamics
and the description of the high-detail simulation setup that
was used to learn physical quantities needed by the model.
In Section IV we discuss the set of representations for the
chiplet dynamics and the learning results. We show how
for this problem we can re-discover the discrete symmetry
directly from data, and how the representations can be
extended to the 2D case.

II. Problem description

Our goal is to learn/understand how an electric field ma-
nipulated by changing the potentials of a set of electrodes af-
fects the motion of particles of dimensions 300µm×200µm×
50µm. The particles are submerged in a dielectric fluid
which is a dielectric carrier (Isopar-M). Such a fluid has low
conductivity and allows for long-range Coulomb interactions.
In this fluid, chemically charged chiplets can be manipulated
with both electrophoretic and dielectrophoretic forces. The
electric field is manipulated by varying the potential of a
set of electrodes. Spiral electrodes patterns were created
using four non-crossing metal line (electrodes) which induce
radial electrodes periodicity. For each of the four spirals, the
four non-crossing metal lines are controlled by +/- 400 V
amplifiers driven by a computer. The electrostatic potentials
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created in these electrodes, while limited in spatial patterns,
are rich in temporal patterns. The spiral arrangement of the
electrodes induces a radial motion of the chiplets (away or
towards the center of the spiral). A detailed description of
the experimental setup can be found in [9].

In [9], [10] we showed how we can design potential
patterns for the chiplets motion control. We initially used
an optimization based open loop control that generated a
sequence of electrode potentials for moving the chiplets.
We showed that the control pattern is periodic, and it can
be reproduced using one basis function over one period,
through translations and sign inversions. Denoting by v1(x)
denote electrode 1’s voltage, we obtained that v1 is spatially
periodic, with a period of X = 800µm, that is v1(x) = v1(x +

nX), for n ∈ Z. Moreover, the voltage pattern over one period
is given by the base function Ψ : [0, X] → [−400, 400].
Hence, v1 is generated according to the rules

v1(x) = v1(x + nX), v1(x) = Ψ(x), n ∈ Z, x ∈ [0, X) (1)

By analyzing the correlation between v1 and the rest of
the electrodes voltages, we see that the last three electrodes
voltages can be expressed as

v2(x) = −v1(x + δ), v3(x) = v1(x + 2δ), v4(x) = −v1(x − δ) (2)

where δ = 200µm. Therefore, for moving the chiplet in a
positive direction a position dependent control input can be
generated using only the base function Ψ(x) and the rules
(1)-(2). The control patterns above correspond to a positive
motion direction (left to right). Similar rules in terms of
Ψ(x) can be determined to move the chiplet in the opposite
direction.

III. Dynamical model
We consider the single chiplet scenario and model the

physics of the interaction between the chiplet and the electric
field using a particle based, port-Hamiltonian formalism [8].
We consider a set of N + 1 particles indexed from 0 to N,
where the 1 through N particles represent the electrodes, and
the 0 particle represents the chiplet. The particle dynamics
can be represented in port-Hamiltonian formalism as

ṗ = R(q)
∂H(p, q)

∂p
+ J

∂H(p, q)
∂q

(3)

q̇ = −JT ∂H(p, q)
∂p

, (4)

where p is the vector of particle momenta, q is the vector
of relative positions between the particle and the electrodes,
R(q) is a dissipative matrix, J is a matrix reflecting the par-
ticle interaction topology, and H is the Hamiltonian (energy)
function. In particular, we have p = [p, p1, . . . , pN]T and q =

[x1−x, . . . , xN−x]T , where x is the chiplet position (measured
at the center of mass), and xi are the electrode positions.
The total energy can be expressed as H(p, q) = K(p) +

U(q), where K(p) is the potential energy of the particles
K(p) =

∑N
i=0 Ki(p), where index 0 corresponds to the chiplet,

Ki(p) =
p2

i
2mi

with mi being the particle i mass, and U(q; v)
is the potential energy given by U(q; v) =

∑N
j=1 U j(q; v),

where U j(q; v) is the potential energy between the chiplet
and electrode j, and v = [v1, . . . , vN]T is the vector of all
electrode potentials. We assume that the chiplet is roughly
at a constant height (at the surface of the PFA film), hence
we neglect any vertical forces that may affect the chiplet
motion. This assumption proved to be valid in experiments
[9]. To represent the potential energy, we use a capacitive-
based electrical circuit that lumps the interaction between
the electrodes and the chiplet. Such a circuit is shown in
Figure 1, where four electrodes are depicted. The chiplet and
the electrodes act as metal plates; hence the capacitances
of these capacitors are dependent on the chiplet position.
As expected, the maximum values are attained when the
chiplet’s position maximizes the overlap with the electrodes.
A small “leakage” capacitor Cε is included to account for
all the stray capacitance to the environment. Therefore, the

Fig. 1. Capacitive-based electrical circuit describing the interaction between
the chiplet and four electrodes. The green rectangles depict the electrodes,
while the purple rectangle represents the chiplet. The capacitances vary with
the chip position whose center is denoted by (xc, yc). A small capacitance
Cε describes the interaction of the chiplet with the ground.

potential energy between the chiplet and each electrode can
be expressed as U j(q) = 1

2C(q j)(v j − V(x))2, where C(q j)
is the capacitance between the chiplet and electrode j that
depends on the distance between the chiplet and electrode,
v j is the electric potential at electrode v j, and V(x) is the
potential at the chiplet. The capacitance function C(q) is a
symmetric, positive function that converges to zero as the
magnitute of q increases. The steady state chiplet potential
is given by V(x; v) =

(
1/

(∑N
j=1 C(q j) + Cε

)) (∑N
j=1 C(q j)v j

)
,

where Cε is a small leakage capacitance.
Since the electrodes are at fixed locations {xi}

N
i=1, their

kinetic energy is zero, hence we obtain the simplified port-
Hamiltonian representation

ṗ = µ
∂K0(p)
∂p

+ J
∂U(q)
∂q

, (5)

q̇ = −JT ∂K0(p)
∂p

, (6)

where µ denotes the viscous friction coefficient determined
from the chemical properties of the isopar-M solution and the
geometry of the chiplet. In addition, the topology dependent
matrix J is the vector of all ones, namely J = [1, 1 . . . , 1]T .
The port-Hamiltonian representation can be brought to a
more familiar form by representing the chiplet dynamics in
terms of the chiplet’s position. In particular, we have

mẍ = µẋ +
∂U(x; v)
∂x

, (7)
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where U(x; v) = 1
2
∑N

j=1 C(x j − x)(v j − V(x; v))2 is the chiplet
potential energy. Due to very small chiplet mass m, the
acceleration effect is negligible as compared to the effects
of the viscous friction and the potential energy.

In addition to the dynamical model, we are interested in
other properties such as symmetries and conserved quantities.
We recall that a symmetry is a diffeomorphism that maps a
solution of a dynamical system to another solution [6]. These
properties give additional insight into a system behavior and
provide the avenue for generating data without the need of
experimentation. The following results introduces a discrete
symmetry map for the dynamics (7).

Proposition 3.1: Let the map Γ : RN+1 → RN+1 be
defined as Γ(x, v) = (−x, Pv), where v is the vector of
all electrodes potentials and P is a rotational matrix that
produces a 180 degree rotation. Without loss of generality,
consider an even number of electrodes whose positions are
symmetrically distributed around zero. Then Γ is a symmetry
map for the dynamics (7).

Proof: For convenience, let the electrodes positions be
denoted by {x−M , . . . , x−1, x0, x1, . . . , xM} with corresponding
electric potentials {V j}

M
j=−M , for some positive integer N =

2M + 1. The proof is based on showing that U(x; v) =

U(−x; Pv) and applying the chain rule. We first note that due
to the symmetry of C(q), we have that C(−x−x j) = C(x−x− j).
It follows that

V(−x; Pv) =

1/
 M∑

j=−M

C(−x − x j) + Cε



 M∑

j=−M

C(−x − x j)v− j

 =1/
 M∑

j=−M

C(x − x− j) + Cε



 M∑

j=−M

C(x − x− j)v− j

 = V(x; v).

Therefore, U(−x; Pv) = 1
2
∑M

j=−M C(−x − x j)(v j −

V(−x; Pv))2 = 1
2
∑M

j=−M C(x − x− j)(v− j − V(−x; Pv))2 =
1
2
∑M

j=−M C(x − x j)(v j − V(x; v))2, and the proof follows by
applying the chain rule on U(−x; Pv).
Let v = ψ(x) be the control policy for moving the chiplet in
the positive direction and let xr be a desired position. The
symmetry described in the above result provides the means to
generate a control pattern to move the chiplet in the negative
direction, when starting from an opposite initial condition. It
follows that the chiplet control policy is given by

v(x) =

{
ψ(x) x − xr ≤ 0

Pψ(−x) x − xr > 0, (8)

where we assume that the control signal is applied at a fine
enough sampling periods to allow the chiplet to get arbitrarily
close to the desired position. Note that as shown in [9], there
exists an upper bound on the chiplet overshoot, even in the
case the sampling period is not small enough.

The capacitances and their partial derivatives are estimated
by simulating a 2-dimensional electrostatic COMSOL model.
In this model (Figure 2), two metal plates with dimensions
given by the geometry of the chiplet and electrodes are
surrounded by a dielectric with the same properties as the
isopar-M solution. The quasi-static models are computed

in the form of electromagnetic simulations using partial
differential equations, where we use ground boundary (zero
potential) as the boundary condition of the model’s design.
The COMSOL electrostatic model has as parameters, the

Fig. 2. Electrostatic COMSOL model of two conductors (chiplet and
electrode) for capacitance computation. The electrode’s position is (0, 0)

dimensions of the chiplet and electrode, the dielectric fluid
constant, and the positions of the chiplet and electrode.
Note that due to the size of the chiplet versus the size of
the electrodes, fringe effects (electric field distortions at the
edges) are significant. The resulting capacitance function
shape represented as a mixture of Gaussian functions is
shown in Figure 3. As expected, the capacitance function
reaches the maximum value when the chiplet is on top of the
electrode and converges to zero as the chiplet moves away
from the electrode. The capacitances learned via COMSOL
simulations were used to learn the control patterns shown (1)-
(2), which were validated through experiments. Therefore,
these functions together with model (5)-(6) represent the
ground truth.

IV. Physics (re)-learning

In this section we show how we can learn different repre-
sentations for the chiplet dynamics (5)-(6), by including more
and more information about the physics behind the chiplet
motion. Time series of the chiplet position are considered as
training data, from which velocities are approximated. These
velocity estimates provide approximations of the forces act-
ing on the chiplet. We assume zero accelerations due to
the negligible chiplet mass. The time series include chiplet
motion in the positive direction in the interval [−1.8, 1.5] mm
and 27 electrodes uniformly distributed around zero, at 0.2
mm distance from each other. For a fair comparison, the test
data is generated using different initial conditions. We used
Autograd [7] and Pytorch [3] (for recurrent neural network
training) to learn the laws of motion for the chiplet dynamics.
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Fig. 3. The capacitance between the electrode and the chiplet as a function
of the chiplet position.

Depending on the representations, we compare learned
forces and potentials against the validated model, and the
chiplet trajectories generated by the learned representations
against the one generated by the validated model. We use as
training and testing metric the relative square error (RSE),
defined as RS E(x) =

(∑N
i=1(xi − x̂i)2

)
/
(∑N

i=1(xi − x̄)2
)
, where

xi are the target samples, x̂i are the predicted values, and x̄
is the mean of the target values. We chose this metric since
the position values are measured in microns, hence even for
large errors we may in fact have small numbers for the MSE
metric.

In what follows we show results for a number of force
and potential representations under different assumptions of
what data is available/measured. Neglecting the acceleration
effects, the assumed chiplet model of motion is given by

µẋ = Fc(x; β). (9)

The model used for learning is the discretized version of (9),
namely x(tk+1) = x(tk) + hFc(x(tk); β), where h = 0.1 msec is
the sampling period and {tk}k≥0 are sampling instances. The
learning problem solves the optimization problem

min
β

n∑
k=1

|x(tk+1) − x(tk) −
h
µ

Fc(x(tk))|2.

A. Force as a function of the chiplet position

We assume we can only track the chiplet position but
not the electrodes potentials. The force model is taken as
Fc(x; β) =

∑N
i=1 F(x−xi; β), representing the cumulative effect

of the forces generated by the interaction with each electrode.
We consider a homogeneous model for the electrode forces
F(x; β), where the changes in magnitude are given by the
distance between the chiplet and the electrodes. The quantity
F(x−xi; β) was modeled as a neural network with two hidden
layers of size 500 and tanh as activation functions. We
learn the representation for positive direction only, however
the model can be used for negative direction as well. In

particular, if the objective is to reach a reference point xr we
have

mẍ + µẋ =

{
Fc(x; β) x − xr ≤ 0,
−Fc(−x; β) x − xr > 0.

A graphic comparison between the learned force profile and
the ground truth as a function of the chiplet position is shown
in Figure 4. The training and testing results are shown in
Table I.

Fig. 4. The capacitance between the electrode and the chiplet as a function
of the chiplet position.

B. Potential as a function of the chiplet position

Since the force is the gradient of a potential function, we
can learn a representation directly for the potential function.
In particular, we assume that the model of motion is µẋ =
∂Uc(x;β)

∂x , where Uc(x; β) =
∑N

i=1 U(x − xi; β), with U(x − xi; β)
being the contribution of each electrode to the potential
function. Note that when using automatic differentiation
to represent the potential function gradient, the parallel
processing of training data is no longer an option, hence the
training process is slower. The potential function was chosen
as a two layers neural network with each layer having 100
neurons and tanh as activation functions. The training and
testing results are shown in Table I.

TABLE I
Cases A and B training and testing results

Metrics Case A Values Case B Values
RSE force (training) 1.46 × 10−5 4.18 × 10−4

RSE position (testing) 5.54 × 10−8 5.16 × 10−6

C. Force as a function of position and electrode potentials:
recurrent neural network

We assume that we have access to electrodes potentials as
well, and we model the force as a recurrent neural network
(RNN) Fc = Fc(xk:k−T , vk:k−T ; β), where xk:k−T and vk:k−T are
sequences of positions and voltages of length T . In particular,
we have chosen a sequence length T = 2 and one hidden
layer of LSTM cells. The RNN was implemented and trained
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using Pytorch. The resulting model of motion is discretized
and given by: xk+1 = xk + h

µ
Fc(xk:k−T , vk:k−T ; β). The training

and testing results are shown in Table II.

D. Force as a function of position and electrode potentials:
dense network

We have similar representations for the force model and
position dynamics as in the previous case, with the difference
that we now represent the force as a dense network having
as input a sequence of past and present position and voltage
values. The sequence length was chosen as T = 2, and the
dense network was chosen as a two layers neural network,
with hidden layers of size 20 and tanh as activation func-
tions. The training and testing results are shown in Table II.

TABLE II
Cases C and D training and testing results

Metrics Case C Values Case D Values
RSE force (training) 1.22 × 10−2 2.73 × 10−4

RSE position (testing) 1.46 × 10−1 1.43 × 10−1

E. Force as a function of position and electrode potentials:
embedded periodicity

Due to the periodic nature of the electrodes placement, the
electric potential and the resulting force under the control
policy are periodic as well. Hence it makes sense to include
model artifacts that encourage the discovery of such property.
We created a neural network model for the force that receives
as input the current potential and electrode potentials that has
two hidden layers of size 50 but has as activation function
on the first layer a sin function, and a tanh function for
the second layer. As a result, the first layer acts as a Fourier
series decomposition with with unknown frequency terms,
and the second layer acts a weights for the Fourier series
terms that are also unknown.

F. Force as a capacitive based model

Here we model the force as an explicit representation
in terms of the capacitances between the chiplet and the
electrodes. In particular we have Fc(x, v; β) =

∂U(x,v)
∂x , where

U(x; v) = 1
2
∑N

j=1 C(x j − x; β)
[
v j − V(x; v)

]2
. The objective is

to indirectly learn the capacitance model as a function of the
distance between the chiplet and electrodes. The additional
structure included in the force model enables us to use have
simplear models that we have to learn. In particular, we use a
one hidden layer of size 20 in the neural network, with tanh
as activation functions. In addition to the force and position
comparisons, we add a comparison between the predicted
and learned chiplet capacitances (Figure 5).

G. Symmetry discovery

In Proposition 3.1 we showed that the chiplet dynamics is
characterized by a linear discrete symmetry. We confirmed
that we can indeed learn this symmetry through learning,

TABLE III
Cases E and F training and testing results

Metrics Case E Values Case F Values
RSE force (training) 6.65 × 10−4 1.03 × 10−4

RSE position (testing) 3.44 × 10−1 4.51 × 10−7

RSE capacitance (testing) 1.21 × 10−2

Fig. 5. True vs. learned capacitances.

directly from the data and without using the chiplet dynam-
ics. To this end we made the assumption that the data does
contain symmetrical transformations. In particular, given a
data set D and a linear map M representing the symmetry
map,D is invariant under the transformation M. In particular,
this means that for any z ∈ D, ẑ = Mz ∈ D, as well. We
recall the vector z is composed by the chiplet position, the
four electrode potentials that induces the force acting on the
chiplet. The symmetry learning is executed by solving the
optimization problem:

min
M

∑
j

min{‖zi − Mz j‖
2,∀i , j} + λ

∑
i, j

|mi j|,

where M = (mi j) ∈ R5×5 is an unknown real matrix, and
λ = 10−5 is the weight for the L1 regularization function.
The test metric is the MSE between the true symmetry map
and the learned one. Note that the test result may appear
smaller, but the number of terms in the cost sum is much
smaller as compared to the number or terms in the training
cost.

TABLE IV
Symmetry learning results

Metrics Values
cost (training) 3.71 × 10−9

symmetry MSE (test) 1.39 × 10−10

H. Discussion

The learning results depend on the representation as-
sumptions and available data. Learning the force directly
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by ignoring the electrode potentials gave good results but
cannot be generalized to other voltage patterns. Learning the
potential function rather than the force is a much slower
process since the loss function is in terms of the gradient of
the potential function. Models with memory (e.g., recurrent
neural networks) were less accurate but maintained the
directional trends in the chiplet motions. The best results
when considering both accuracy and generalization came
from the capacitive model. This confirms our intuition that
as we add more knowledge about the physical process in
the representation, we end up reducing the complexity of
the learning process, and the models are more generalizable.
Hence. imposing the right structure into the model is key to
discovering physical laws.

Extensions to multiple chiplets and 2D cases
The 1D model discussed in the previous sections can be

readily extended to the 2D case. In the 2D case an array of
electrodes replaces the spiral electrodes pattern. The chiplet
dynamics in the 2D case is given by mz̈ = µż + ∇zU(z; v),
where z is the two dimension vector of chiplet position,
U(z; v) = 1

2
∑N

j=1 C(‖z j − z‖)(v j − V(z; v))2 is the chiplet
potential energy, with z j denotes the electrodes positions. The
electric potential at the chiplet has the same representation
as in the 1D case. For symmetrical chiplets (e.g., spheres,
cylinders), the capacitance shape can be extrapolated from
the 1D case, since a cross-section looks like the capaci-
tance in the 1D case. Figure 6 depicts an example of the
capacitance between chiplets and electrodes in the 2D case.
The capacitance model corresponds to cylinder shape chiplet
with 300 microns diameter and 25 microns thickness. The
chiplet is submerged in a dielectric fluid on top of an 50
microns pitch electrode array. For non-symmetrical chiplets,

Fig. 6. Capacitance between chiplets and electrodes in the 2D case

the capacitance depends on the chiplet geometric shape and
hence the chiplet orientation does matter when used in
the potential energy computation. To avoid the complexity

induced by the non-symmetric case, whe can approximate
the chiplet shape with the closes symmetric shape, and use
this capacitance model as a proxy for the real capacitance
model. The inherent modeling uncertainty will be taken care
through the feedback loop.

V. Conclusions

The goal of this paper was to demonstrate how ML
algorithms and models can be used to discover behavioral
laws of physical systems. The discovery of the physical laws
governing the behavior of chiplets in dielectric fluid was used
to showcase our approach. We trained a variety of ML in-
spired models that were circumscribed to a port-Hamiltonian
representation. We sequentially imposeed additional structure
in the models. The learning results confirmed our intuition
that structure is key in learning generalizable and physically
interpretable models. As next steps, we will extend the study
to the 2D case, and more interestingly, in addition to learning
chiplets to electrode interaction, we will focus on learning
chiplets to chiplets interaction as well.
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