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to compute gradients of physical quantities (e.g., potential
energy) used in representing the particle dynamical model,
and gradients of loss and constraint functions used by the
optimization algorithm applied to the MPC problem.
Paper structure: In Section II we give a brief description
of the experimental setup used for controlling the particles.
Section III introduces the lumped, capacitance-based model
for the particle’s motion that includes particle to particle
interactions. In Section IV we introduce the MPC formulation, and describe an example showing the joint control of
multiple particles. In Section V we make a comparison of
our approach with the state of the art. We end the paper with
some conclusions in Section VI.

Abstract— We address the problem of simultaneous control of
micro-objects (chiplets) immersed in dielectric fluid. An electric
field, shaped by an array of thousands of electrodes, is used to
transport and position chiplets using dielectrophoretic forces.
We use a lumped, 2D, capacitive based (nonlinear) model of
motion for the chiplets behavior that include chiplet to chiplet
interactions. The chiplet positions are tracked using a high
speed camera and image processing algorithms. We use a
model predictive control (MPC) approach to derive control
inputs (i.e., electrode potentials) that shape the chiplets into
a desired pattern. To scale the problem with the number of
inputs, the control inputs are parameterized as smooth time
and space dependent functions avoiding the need to consider
each electrode potential as a separate control input. We use
automatic differentiation to compute gradients of the chiplet
potential energy, and of the MPC loss and constrain functions.
We demonstrate our approach on a scenario where nine chiplets
are transported to a set a final positions while a tenth one is
kept stationary.

II. Experimental setup

I. Introduction

The experimental setup diagram is shown in Figure 1.
The hardware equipment consists of a high speed camera
for tracking the particle locations, an array of electrodes to
generate a dynamic potential energy landscape for manipulating objects with dielectrophoretic (DEP) forces, and a
video projector to actuate the array. The software architecture
includes: a module for image processing that estimates the
particle positions, a planning module that generates desired
trajectories based on an objective function, a control module
that generates control inputs (i.e., electrode electric potentials) to move particles to their desired positions. In addition,
an image generation module transforms the control inputs
into image patterns that are projected on photo-transistors
through which electric potentials are set to the electrodes.
The array of electrodes generates a dynamic potential energy
landscape that induces DEP that act on the particles. The
video projector is used to address each photo-transistor
controlled electrode. This enables facile zoom factor changes
and stitching into larger arrays. We built a photo transistor
array using a fabrication process similar to display transistor
backplanes and thus compatible with large areas (meters).
Voltages of up to +/- 400V are controlled by these phototransistors to display a dynamically varying, complex electric potential landscape. Dynamic electric field patterns are
generated by refreshing the projected image pattern (control
input). We have successfully built arrays with 50 µm, 10
µm and even 3 µm pitch. Dielectric fluid media (isopar
M) and various additives are used to control the charge.
The control objective is to design actuation algorithms and
control strategies for manipulating particles from random to
ordered patterns.

The work presented here is part of our efforts to design
and build a printer system for assembling micro-objects1 into
engineered patterns. To be successful, we need to be enable
to sort and place individual objects, and to manipulate asymmetric objects such as semiconductor chips, which require
orientation control. The assembly into desired patterns is
based on a feedback control loop that tracks the particles and
makes corrections to the particle’s positions until the desired
pattern is achieved. In our previous work [11], [12], [13]
the particles were separately controlled, and the particle to
particle interactions were neglected. To minimize the effects
of such interactions we kept the particles sufficiently far apart
from each other, through pre-planed reference trajectories.
Such an approach is not suitable for cases where the objective
is to pack particles in tight patterns.
In this work, we develop control strategies that do consider
particle to particle interactions and jointly control multiple
particles. The control policies are computed as a solution
of a Model Predictive Control (MPC) [6] formulation. To
scale the problem with the number of electrodes, we use
a time and space, smooth, parameterized map to represent
the electrode potentials, i.e., the control inputs. This way
we avoid the need to consider each electrode potential as
a separate input. We make use of automatic differentiation
Ion Matei, Anne Plochowietz and Johan de Kleer are with the Palo Alto
Research Center, Inc. (PARC). John S. Baras is with the University of
Maryland, College Park.
This material is based, in part, upon work supported by the Defense
Advanced Research Projects Agency (DARPA) under Agreement No.
HR00111990027.
1 We use chiplets, particles or micro-objects as interchangeable notions.

978-1-6654-3659-5/21/$31.00 ©2021 IEEE

623

Authorized licensed use limited to: Palo Alto Research Center (PARC). Downloaded on April 28,2022 at 00:05:49 UTC from IEEE Xplore. Restrictions apply.

dependent. The potential energy U(x) in the system is a

Fig. 1: Diagram of the experimental setup: a planning module
generates reference trajectories for the particles to reach
their final positions; a high speed camera tracks the particle
positions; the control module uses the current particle positions and the reference trajectories to compute control inputs
(electrode electric potentials); the control inputs (electrode
potentials) are converted into images that are projected on
the electrode array.

Fig. 2: Capacitive-based model describing the interactions
between chiplets and electrodes. Four electrodes have potentials Vie , i ∈ {1, 2, 3, 4}. Two chiplets interact with the
electrodes through capacitances Ciej , where i is the chiplet
index and j is the electrode index. The two chiplets interact
c .
with each other through the capacitance C12
function of the capacitances between the chiplets and the
electrodes and can be express as:
1X e
1X c
Ci j (xi − x j )(Vic −V cj )2 +
C (xi −y j )(Vic −V ej )2 ,
U(x) =
2 i< j
2 i, j i j

III. Dynamical model
In what follows we describe a 2D model for the chiplets
motion under the effect of the potential field induced by
the electrode array. This model includes effects of chiplet
interactions when they operate in close proximity. We consider a set of n chiplets actuated by an array of m electrodes
with fixed positions. The result of applying electric potentials
to the electrodes is the generation of DEP forces that act
on the chiplets. A viscous drag force proportional to the
velocity2 opposes the chiplets’ motion. Due to the negligible
mass of the chiplets, accelerations are neglected. We denote
by xi = (xi,1 , xi,2 ) the 2D position of the ith chiplet, and
by x = [x1 , . . . , xn ] the ensemble of all chiplet positions. In
addition, let yi denote the fixed position of ith electrode.
The the dynamical model for the ith chiplet model can be
described by µ ẋi = Fi (x), where µ is the fluid dependent
viscous coefficient, and Fi (x) is the two dimensional force
vector induced by the potential field. The forces acting on
the chiplets are determined by the potential energy accumulated at the chiplets. We compute the potential energy
by using a capacitive-based electrical circuit that lumps the
interaction between the electrodes and the chiplets. Such a
circuit is shown in Figure 2, where only one row with four
electrodes of the array is depicted. The capacitance-based
abstraction comes from the observation that the chiplets and
the electrodes act as metal plates and fluid with dielectric
properties is placed between them; hence the capacitances
of these capacitors are dependent on the relative positions
between chiplets, and between chiplets and electrodes. As
expected, the maximum values are attained when chiplets
are close to other chiplets or to the electrodes. To simplify
the analysis, we limited our analysis to the low frequency
region only, where the dielectric constant is not frequency

where V c = [V1c , . . . , Vnc ], V e = [V1e , . . . , Vme ] are the electric
potentials at the chiplets and electrode respectively, and
where Cicj (xi − x j ) and Ciej (xi − y j ) are the chiplet to chiplet
capacitances, and chiplet to electrode capacitances, respectively. In the potential energy expression, we ignore the
electrophoretic effects that were found to be negligible. The
chiplet potential vector V c is a function of the relative
positions as well, since is computed as the steady state
solution of the general form of the electric circuit shown in
Figure 2. The chiplet potentials can be computed by solving
the following set of coupled equations:
X 
 X 

Cicj V cj − Vic +
Ciej V ej − V cj = 0, ∀i ∈ 1, 2, . . . , n. (1)
i, j

i, j

The previous set of equations can be compactly written as
Cc (x)V c + Ce (x)V e = 0, where ith row of the matrices Cc ∈
Rn×n and Ce ∈ Rn×m can be expressed as:



X
X
 c   c
c
e
c
Ci j −
C i = Ci1 , . . .Ci, j−1 , −
Ci j ,Ci, j+1 , . . . ,Ci,n  ,
i, j,i, j

i, j

i
 e h e e
e
C i = Ci1 ,Ci2 . . .Ci,m
.
Hence, we have that V c = − [Cc (x)]−1 Ce (x)V e .
The forces Fi (x) can be expressed in terms of the potential
∂U
∂U
energy U(x) and are given by Fi (x) = − ∂x
(x), where ∂x
i
i
is a two dimensional, vector valued function. Therefore,
∂U
the chiplets dynamics can be expressed as µ ẋi = − ∂xi (x).
Feedback control design requires explicit expressions for
the capacitances between the chiplet and electrodes. We
learn the capacitance model using high fidelity COMSOL
simulations. For symmetric chiplets (e.g., spherical objects),
and assuming the electrodes are symmetric as well, the

2 The drag force is proportional to the velocity in non-turbulent flows,
that is, when the Reynolds number is small.
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capacitances between chiplets and electrodes are estimated
by simulating a 2-dimensional electrostatic COMSOL model.
This implies that the capacitance function is of the form
Ciej (xi , y j ) = C(kxi − y j k), where kxi − y j k denotes the distance
between chiplet i and electrode j. In the COMSOL model,
a 16 µm width and 100 nm thickness copper plate, and a 10
µm diameter, aluminium oxide (AlOx) spherical object are
surrounded by a dielectric with the same properties as the
isopar-M solution. The quasi-static models are computed in
form of electromagnetic simulations using partial differential
equations, where we use ground boundary (zero potential) as
the boundary condition of the model’s design. The capacitance matrix entries are computed from the charges that result
on each conductor when an electric potential is applied to
one of them and the other is set to ground. The COMSOL
simulations do reflect the field distortion when the chiplet
approaches the electrode. The COMSOL electrostatic model
has as parameters, the diameter of the sphere, the electrode
dimensions, the dielectric fluid constant (ε = 2) and the
positions and material of the sphere and electrode. We fix
the chiplet height (z = 5µm) and vary its position on the xaxis over the interval [−1mm, 1mm]. Note that due to the
size of the chiplet versus the size of the electrodes, fringe
effects (electric field distortions at the edges) are significant.
Off-line simulations were performed for a range of chiplet
positions: x ∈ [−1mm, 1mm] and z = 5µm. The capacitances
between the electrode and the chiplet were evaluated for all
considered positions. We parameterized the
funch capacitance
 ξ+δ 
i
 ξ−δ
P
Φ
a
tion using error functions: C(ξ) = m
−
Φ
,
i
i=1
ci
ci
Rξ
2
1
−t
√
where Φ(ξ) = π −ξ e dt is the error function, ξ is the
distance between the center of the sphere and the electrode
center assumed at the origin, ai and ci > 0 are positive
scalars, and δ is half of the electrode pitch, i.e., 10 µm in
our example. We can map the 1D model to a 2D model
by using the transformation ξ → kx − yk, where x and y
are the positions of the chiplet and electrode, respectively.
This mapping
results
a 2D capacitance
function C(x, y) =
 in kx−yk−δ
i
h  kx−yk+δ
Pm
−
Φ
.
Figure
3(a)
depicts C(x, 0),
a
Φ
i
i=1
ci
ci
the capacitance between a chiplet and an electrode at zero,
as a function of the distance between the chiplet and the
electrode. The flat peek of the function is indicative of the
larger overlapping area between the chiplet and the electrode.
A similar approach is used to determine the capacitances
between chiplets, as shown in Figure 3(b).

Fig. 3: (a) 2D chiplet to chiplet capacitance function determined from the 1D model using the symmetry property; (b)
2D chiplet to electrode capacitance function determined from
the 1D model using the symmetry property.

the initial and final values of the state variables, or limiting
the magnitude of the states and control inputs. Our control
objective is the bring a set of particles from some arbitrary
initial condition to a desired final particle configuration.
The MPC formulation assumes a discretization of the time
domain T = {t0 , t1 , . . . , tN } and the optimization variables are
the state and control values at discrete time instants, that
is, x(tk ) and V e (tk ), for k ∈ {0, 1, . . . , N}. The key step in
the formulation of the system dynamics constraint is the
elimination of the state time derivatives ẋ(tk ). Approaches
based on trapezoidal collocation or more general HermiteSimpson collocation [8] are used to transform the continuous
dynamics into a discrete set of equality constraints. To
avoid having to approximate the energy function derivative,
we use automatic differentiation to generated it. In typical
MPC formulations, control inputs over time are optimization
variables. Our objective is to generate electric potential
distribution policies that can be used for various granularities
of electrode distributions. We parameterize the control input
as a time and space dependent function V e (t, y) = V e (t, y; w),
where the electric potentials of the electrodes are generated
by evaluating the function at the electrode position, over
time. Such a representation of the electrode potential has
the advantage that it does not require to consider each
electrode potential as a separate input. Hence we can scale
up the approach with the number of electrodes. The MPC
formulation takes the following form:
min

IV. Feedback Control

w,x(tk )

In this section we formulate the MPC problem, give some
implementation details and show an example of the application of feedback control. MPC [3], [6] is the go to approach
for nonlinear control and it is based on solving a nonlinear
program with constraints. The optimization variables are the
state trajectories and control inputs over time.

1
kwk2
2

(2)


hk ∂U
x(tk+1 )V c (tk+1 ; w)
2µ ∂x
#

∂U
c
+
x(tk )V (tk ; w) , ∀tk ∈ T ,
(3)
∂x


V c (tk ; w) = − Cc (x(tk )) −1 Ce (x(tk ))V e (tk , y; w),(4)
"

s.t.:

A. Problem formulation
The most important constraint is the system dynamics
constraint that makes sure that the state trajectory respects
the system dynamics. Other constraints can include setting

x(tk+1 ) − x(tk ) = −

x(t0 ) = x0 ,

(5)

x(tN ) = xN ,

(6)

|V (tk , y; w)| ≤ Vmax , ∀ j, ∀tk ∈ T , ∀y,

(7)

|x(tk )| ≤ Xmax ,

(8)

e
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where we used a trapezoidal collocation scheme to remove
the state time derivative. The loss function (2) controls the
magnitude of the parameters of the input parameterization,
(3) imposes the system dynamics constraint, (4) connects
the particle potentials to the electrode potentials, (5)-(6)
enforce the initial condition and the final desired condition,
respectively, while (7) and (8) limit the magnitude of the
electrode potentials and of the particle positions, respectively.

magnitude. The maximum value of the electrode potential
magnitudes is 400 Volts. The optimization time horizon is 5
seconds, with a sampling period of 0.01 seconds. Therefore,
we use 500 time instants during the optimization procedure.
The particles are controlled using 1600 electrodes uniformly
distributed over the 5mm×5mm array that can be individually
actuated.
We drive nine particles from a set of initial positions to
their final destination while maintaining the tenth particle
stationary at the origin. The initial (blue) and final (green)
positions are depicted in Figure 4. To enforce the tenth

B. Implementation
The optimization problem (3) - (8) is a nonlinear, constrained program. Due to our choice of input parameterization, it is not a typical MPC optimization problem for which
we might use a platform such a CasADi [1], which offers
automatic differentiation features and leverages structural
properties of the problem to improve the efficiency of the
optimization algorithms. The state of the art in MPC optimization algorithm is the sequential quadratic programming
(SQP) algorithm [15]. This algorithm solves a sequence
of quadratic, convex optimization problems with equality
constraints that uses gradients of the loss and constraint
functions. To compute the gradients of the energy function
that is needed by the particle dynamics, and the gradients
of the loss and constraint functions, we chose the Jax
Python framework[2]. Jax can automatically differentiate
native Python and NumPy functions can take execute chained
derivatives if needed. Jax can compile and run NumPy
programs on GPUs and TPUs if needed, can use just-in-time
(JIT) compilation of Python functions for higher execution
efficiency and supports automatic vectorization. We did a
comparison between the AD capabilities of Jax and CasADi
that shows that Jax generated gradient functions tend to be
faster as the number of the function variables increases. A
comparison between the AD feature of CasADi and Jax is
somewhat unfair since, as per CasADi’s authors statement
“CasADi is not a conventional AD tool, that can be used
to calculate derivative information from existing user code
with little to no modification”. A review of different AD
techniques can be found in [9]. We used an off-the shelf
SQP solver to which the gradients of the loss and constraint
functions were fed. Note that our implementation of the
MPC formulation was aimed at demonstrating feasibility of
the approach in terms of the results, and not focused on
demonstrating real-time feasibility. Such a step is currently
being pursued.

Fig. 4: Initial (green) and final (blue) particle positions. The
tenth particle is fixed at the origin. The unit of measure is
mm.
particle to remain stationary at the origin, we introduce an
additional constraint, namely x10 (tk ) = x10 (t0 ) for all k ≥
0. We ran the SQP algorithm for 1500 iterations starting
from random initializations of the particle trajectories and
of the input parameters. The input map is a function u :
R3 → R1 , modeled as a neural network (NN) with one
hidden layer  of size 40 and tanh as activation function
u = W [1] tanh W [0] z + b[0] + b[1] , where, zT = [yT , t]T , with y
representing the electrode positions, W [0] ∈ R40×3 , b[0] ∈ R40 ,
W [1] ∈ R1×40 and b[1] ∈ R1 . Note that the total number of
parameters for u is 201, number that is 8 times smaller than
the number of input variables if each electrode potential were
considered a separate input. While the choice of network
structure can be seen as arbitrary, the results showed that
it is enough the encode a control policy that achieves the
optimization objectives.
Figures 5 shows snapshots of the particle trajectory over
time, learned using the SQP algorithm. The tenth particle
remains at the origin while the rest of the particles move
towards their final positions. Figures 6 depicts snapshots
of the electrode potentials over time. We superimposed the
particle positions to better interpret the electric potential allocation. We note the presence of a roughly “neutral” potential
around the fixed particle at the center of the array, which
is indicative of constant potential energy. In other words,
the force field around the particle is negligible. The results

C. Example
We present an example where we jointly control ten
particles. We do not prescribe reference trajectories (i.e., no
trajectory planning is used), but fix one particle at its initial
position, and prescribe the final positions for the remaining
nine particles. We plot two types of figures. In the first type
we show snapshots of the particle trajectories over time.
The electrode array is 5mm×5mm. In the second type, we
use color codes to show electrode potentials. Blue colors
designate positive values, while red color designate negative
potential values. The darker the colors the larger the potential
626

Authorized licensed use limited to: Palo Alto Research Center (PARC). Downloaded on April 28,2022 at 00:05:49 UTC from IEEE Xplore. Restrictions apply.

(a) Particle trajectories at t=0 sec.

(a) Electrode potentials at t=0 sec.

(b) Particle trajectories at t=2 sec.

(b) Electrode potentials at t=2 sec.

(c) Particle trajectories at t=4.99 sec.

(c) Electrode potentials at t=4.99 sec.

Fig. 5: Particle trajectories over time.

Fig. 6: Electrode potentials over time. Each rectangle corresponds to a electrode at the center of the rectangle.
Blue and red colors depict positive and negative potentials,
respectively. The magnitude of the potential are proportional
to the darkness of the colors.

presented here correspond to a one time execution of the
optimization algorithm corresponding the MPC formulation.
In a realistic scenario, we need a sequence of such executions
to correct for deviations from the optimal particle trajectories.
However, even one such execution provides insights into how
the potential field changes over time to bring the particle to
their prescribed final positions.

objects (100s of µm). In [11] we formally proved that for a
large number of electrodes a bimodal type of voltage policy
ensures particles move in a desired direction, but we did not
consider particle interactions. A control scheme for individual and ensemble control of colloids is describe in [5]. In
particular it is shown how inhomogeneous electric fields are
used to manipulate individual and ensembles of colloidal particles (1µm to 3µm diameter) in water and sodium hydroxide
solutions, through electrophoresis and electroosmosis. The
authors of [18] demonstrated single particle precision and
location selective particle deposition, where electrophoretic
forces are the primary drive for particle (2 µm polystyrene
beads) manipulation. The control scheme was based on

V. Comparison with the state of the art
Micro- and nano-scale particle manipulation has received a
lot of research interest due to their significant applications in
micro-fabrication, biology and medicine. In [11], [12], [13]
we demonstrated a micro-particle control scheme for single
particles immersed in dielectric fluid, for the 1D and 2D
cases. The actuation is implemented by varying the electric
potentials of spiral-shaped electrodes [12], [13], and of electrodes arranged in a 2D array [11]. This actuation mechanism
is general as it can be applied to both small (< 1µm) and large
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building large energy wells closed to the desired location of
the nano-particles. Several works [21], [22] describing the
control of a stochastic colloidal assembly process that drive
the system to the desired high-crystalinity state are based
on a Markov-Decision Process optimal control policy. The
dynamical model is based on actuator-parametrized Langevin
equations. In this work, individual particles are not directly
manipulated. and the particle size (≈ 3µm in diameter) are
small to the extent that they pose little disturbance to the
electric field that is completely shaped by an actuation potentials. In addition, the time scale for achieving the desired
state would make the goal of high throughput challenging
to achieve. Other self-assembly control approaches [7], [16],
[10] would require significant modification to be use with our
experimental system. Water based solution in which particles
are immersed is a popular choice of control medium [4], [19].
In such cases, both electrophoretic forces as well as fluid
motions of electro-osmotic flows are used to drive particles.
A similar electrode structure to our setup in [12], [13] was
used to study the effect of dielectrophoresis on cancer cells
[20]. Accurate control of cells, quantum dots and nano-wires
bases on electroosmosis is used in [14], [17]. The authors use
linear models in the electrodes potentials, and the particles
effect on the electric field distribution is negligible. In our
case, the linearity in the electrodes potentials does not hold
since the driving forces are primarily dielectrophoretic. In
addition, the electric field is affected the particle position. In
[23], the authors describe a dielectrophoresis-based feedback
control scheme for micro-sphere manipulation. The authors
use a simulated annealing approach for solving the optimal
control problem, where they take advantage of the sphere
like shape of the particle when building the system model.
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VI. Conclusions
We addressed the problem of joint control of microparticles immersed in dielectric fluid. The actuation mechanism is based on varying the electric potential of an electrode
array. The array shapes an electric field, inducing a force field
that move the particles to their desired final positions. We
used an MPC approach to derive the control inputs, where
the system model is nonlinear, and formulated in terms of
capacitances between particles and electrodes. We consider
particle to particle interaction as well that enables tighter
and more accurate control. We used automatic differentiation
to compute gradients of physical quantities (e.g., potential
energy), of the loss and constraint functions. We used SQP to
solve the constrained nonlinear program resulting from the
MPC formulation. Our next steps are focused on studying
the feasibility of the real-time implementation of the MPC
approach that would result in an increase in the particle
throughput.
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